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Abstract 
The analytical theory for the electromagnetic (EM) scattering of plasma anisotropic sphere illuminated by a high-
order Bessel beam (HOBB) is investigated in this paper. The HOBB is presented using vector wave theory in which 
electric and magnetic field vectors satisfy Maxwell’s equations. The fields inside the plasma sphere are expressed 
using eigenfunctions in spectral domain. Combing with the tangential continuous boundary condition at the surface 
of the sphere, the scattering coefficients are derived. The influence of plasma dielectric material, the spherical size 
and wave vector components of the beam on the radar cross section ˄RCS˅ are numerically analyzed which 
shows that the scattered field still has a peak at forward and backward direction, whereas for the higher order HOBB, 
the minimum appear at the forward and backward direction. 
© 2014 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
Interaction of particles with incident light beams which widely applied in particle sizing, aerosol detection and 
optical manipulation etc. has been investigated theoretically and experimentally. Plane wave and Gaussian beam 
have been studied extensively [1-3]. HOBB, as a nondiffraction beam with spatial phase distribution, has an axial 
phase singularity and the amplitude vanishes on the axis of the beam. Due to the complexity of description of Bessel 
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beam, the scattering of Bessel beam has being researched until recent years[4].More accurately, the vector analysis 
of HOBB has been given in[5, 6]. 
 
Plasma is a medium of gas in highly ionized state, and consists of free ions, electrons, and molecules. With the 
increasing application of plasma medium in sheath of satellite and missile, plasma melt and jointing, the study on 
characteristic of plasma is highly urgent. The scattering of plasma material have arisen great interest[2, 3, 7-
10].Early in the 70’s of last century, using the saddle point method of integral equations, Hongo studied 
electromagnetic scattering of the perfect conductive cylinder in plasma anisotropic environment[9].Seikai 
investigated the scattering of the rotated plasma anisotropic cylinder [11].Liu investigated the bistatic scattering by 
conductive cylinder covered with inhomogeneous time-vary plasma[12].Many numerical method are adopted, 
namely method of moments, field integral equation and couple dipole approximation method[1, 13-15]. Chen et.al 
[3]worked on the anisotropic plasma coated conducting cylinder scattering utilized the analytical method without 
given the numerical results. Geng using the Fourier transform to study analytical solution to the electromagnetic 
scattering of anisotropic sphere, anisotropic shell, and layered plasma anisotropic sphere [2, 7, 10]. 
 
Therefore, this paper is motivated to present an analytical solution to problem of HOBB electromagnetic 
scattering by a plasma anisotropic sphere. The body of this paper is organized as follows: in section II, the analytical 
expression of expansion of HOBB in terms of SVWFs is derived using vector wave theory, and the scattering 
coefficients are also given according to the electromagnetic scattering theory. Section III is devoted to numerical 
calculation and discussion. The effects of beam and plasma anisotropic material parameters on the far field scattering 
RCS are also investigated. 
2. Theory formulations 
2.1. high-order Bessel beam expansion 
One may use the scalar theory that provides fairly good results for loosely focused laser beam. However, it has 
been shown that the vector nature of EM wave propagation introduces significant corrections and should be used 
instead for a complete analysis of circularly symmetric beams, such as HOBB. In the following sections, time 
harmonic dependence of the field exp( )iwt is omitted. 
 
By using the Lorenz gauge condition, a vector potential pA may be defined such that 
/p pH  uH A   (1)
2[ ( ) / ]p p pik k  E A A   (2)
where pA satisfy the Helmholtz vector equation: 
2 2( ) 0pk   A   (3)
If we assume that the potential vector field linearly polarized along the x axis ˄i.e. ˆp pxA A ˅, Equation (3) can 
be simplified into scalar Helmholtz equation  
2 2( ) 0pk A     (4)
With the solution  
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0 ( )exp[ ( )]p r zv
v
A A J k R i ik z v If
 f
 ¦

 (5)
which describes a nondifracting high-order Bessel beam propagating along the z axis[5]. Where 0A is the 
characteristic amplitude, the radial and axial wavenumbers rk and zk associated by the relation 2 2 2r zk k k  , R is the 
distance to a point in the transverse x-y plane such that 2 2 1/2( )R x y  , 1tan ( / )y xI  is the azimuthal angle 
and ( )vJ  is the cylindrical Bessel function of the first kind of order v . 
 
To substitute the Eq.(5) into (1) and (2) results in asymmetric fields. Therefore, to describe a high-order Bessel 
beam symmetric field, the Lorenz gauge condition is used to define another vector potential qA  which satisfy  
q qu  A E   (6)
1/2 2[ ( ) / ]q q qik kH    H A A   (7)
If we suppose a potential vector field linearly polarized along the negative y axis (i.e. ˆq qyA A ), another vector 
solution describing a nondiffracting HOBB propagating along the z axis is expressed as 
0 ( )exp[ ( )]q r zv
v
A J k R i ik z v If
 f
  ¦A y   (8)
By adding the components of the field vectors given by Eqs. (1),(2),(5) and (6)-(8) and dividing the resultant by 2, 
the electric and magnetic field components of high-order Bessel beam can be obtained as[5]. 
 
The electromagnetic field radial components rE and rH can be evaluated by utilizing the transformation between 
Cartesian coordinate and spherical coordinate sin cos sin sin cosT I T I T  r x y z . We can get the beam shape 
coefficients after substitution of irE and irH into its expression as follows: 
2 2 *
0 0
( , )sin
( 1) ( )
i i
mn r m
ni i
nmn r
A Ea Y d d
n n kaB H
S S T I T T I\
­ ½ ­ ½° ° ° ° ® ¾ ® ¾ ° °° ° ¯ ¿¯ ¿ ³ ³  (9)
Because in reference[16], electromagnetic components of incident beam is expanded in terms of spherical 
harmonic functions, whereas in our usual electromagnetic scattering theory, the electromagnetic components are 
expressed in terms of SVWFs, based on the transfer relation between spherical harmonic functions and SVWFs, the 
incident HOBB can be obtained in terms of SVWFs as: 
(1) (1)
1
[ ]
n
i i
i mn mn mn mn
n m n
a b
f
  
 ¦ ¦E M N   (10)
(1) (1)0
10
[ ]
n
i i
i mn mn mn mn
n m n
k a b
iZP
f
  
 ¦ ¦H N M   (11)
whereˈ 2 2,i i i imn mn mn mna ik B b k A   
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2.2. Internal field expansion in the plasma anisotropic medium 
Unlike uniaxial anisotropic medium, when an external constant magnetic field is applied in the +z-direction, 
plasma exhibits anisotropic behavior and the permittivity tensorH takes the following form:  
1 2
2 1
3
      0
        0
0     0    
H H
H H H
H
ª º« » « »« »¬ ¼
  (12)
where the permittivity tensor elements 1H , 2H and 3H are complex functions of electromagnetic wave angular 
frequency Z , strength of the applied constant magnetic field, electron density and collision frequency of plasma. 
Many researchers have given the detailed expression[17, 18]. 
 
According to the Maxwell equations in source-free plasma anisotropic medium, the E-field vector wave equation 
in plasma anisotropic media can be obtained as: 
2
0 0Z HPuu   E E   (13)
By using the expansion of plane wave factors with the spherical vector wave functions(SVWFs) in isotropic 
media and the Fourier transformation, the electromagnetic field inside the plasma anisotropic media are expressed as 
follows[2, 7, 10]: 
2
(1) (1) (1) 2
0
1
( ) 2 [ ( ) ( ) ] (cos ) sine e e mmn q mnq k mn mnq k mn mnq mn n k q k k
q mnn
G A B C P k d
SS T T T T Tc c
c 
  ¦¦ ³E r M N L  (14)
2
(1) (1) (1) 2
0
1
( ) 2 [ ( ) ( ) ] (cos ) sinh h h mmn q mnq k mn mnq k mn mnq mn n k q k k
q mnn
G A B C P k d
SS T T T T Tc c
c 
  ¦¦ ³H r M N L   (15)
where , 1,2qk q  ,is the eigenvalue to the Fourier expansion, mn qG c can be calculated the expansion coefficients 
, , , , ,e e e h h hmnq mnq mnq mnq mnq mnqA B C A B C  can be found in [2]. 
2.3. The scattering coefficients 
Similarly, the scattered field can be expressed in terms of SVWFs as 
(3) (3)
1
[ ]
n
s s
s mn mn mn mn
n m n
A B
f
  
 ¦ ¦E M N   (16)
(3) (3)0
10
[ ]
n
s s
s mn mn mn mn
n m n
k A B
iZP
f
  
 ¦ ¦H N M   (17)
According to the continuous boundary condition of the tangential components at the sphere surface r=a, 
int int,s inc s inc   E E E H H H    (18)
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Substitution of incident field, scattered field and internal field into Eq.(18), by solving the equations the 
scattering coefficients smnA and smnB  can be evaluated: 
2
0(1) 0
1 10
1 [ 2 ( ) (cos )sin ( )]
( )
s e m i
mn mn q mnq n q n k k k mn n
q nn
A G A j k a P d a j k a
h k a
SS T T Tf c c
c  
 ¦¦ ³  (19)
2
0
0(1) 0
1 10 0
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 ¦¦ ³
 
(20)
The RCS can be defined as 
2 22lim4 ( / )s ir r E EV Sof   (21)
3. Numerical results and discussion 
To illustrate our theory, some numerical results of the angle distributions of RCS of a plasma anisotropic sphere 
incident by HOBB are given. 0, , ,a vO D denote the wavelength of the beam, radius of the sphere, conical angle and 
beam order, respectively. In Fig.1 the angle distribution of RCS incident by Bessel beam of various orders are 
calculated. As observed from this figure that for beam order larger than 1v  , the forward and backward scattered 
field vanish. 
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Fig. 1. Angle distribution of RCS incident by Bessel beam of various orders. 
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 Fig. 2. Effects of conical angle on the angle distribution of RCS. 
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Fig. 3. Effects of sphere size on the angle distribution of RCS. 
The effects of conical angle on the angle distribution of RCS are investigated in Fig.2. We can conclude that the 
angle distribution of RCS has a peak at or near the conical angle of the HOBB, and the amplitude of such peak 
deceases with the increasing of conical angle. 
 
As Fig.3 shows that with the increase of the sphere size, the RCS value increase largely and the backscattering 
become more directional as sphere size increase. 
4. Conclusion 
According to vector wave theory, HOBB is expanded in terms of SVWFs in this paper. Based on electromagnetic 
scattering theory and the Generalized Lorenz Mie theory (GLMT), the far field scattering RCS of a plasma 
anisotropic sphere incident by an off-axis HOBB is investigated. The numerical results show that the angle 
distribution of RCS has a peak at or near the conical angle of the HOBB, and the amplitude of such peak deceases 
with the increasing of conical angle. As the sphere size increases, the distribution of RCS increases largely. For first 
order beam, the scattered field still has a peak at forward and backward direction, whereas for the higher order 
HOBB, the minimum appear at the forward and backward direction. 
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